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0 Motivation



Predicative closure seems ubiquitous

@ |RA r,| = TI.
@ UW(NFA) = RA.r, =ATRy =IR = A%-DC + BR) =ML, =---.

Analogs for other systems?

Sol proposed to look at W(1D), as another example of predicative closure.
That has strength ¥ (I'q1). But are there other natural systems of this
strength?




Today

Today

Today I'll talk about two systems of operational or constructive nature with
strength ¥ (I'q+1). One is a Martin-Lof type theory, the other is a system of
Explicit Mathematics.

Both incorporate a type/class of constructive tree ordinals as a hierarchy of
universes.
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© Type theory



Brief description of type theory

Type theory derives judgments §, of the forms:
@ I cix
el'ta A
el'ra=b:A

I' is of the form x: A1, x2: A2, ..., Xu: An, where the free variables of A;
are among the x; fori < j.



Type theory, structural rules and universes

'k A:W; I" ctx

B (x:A€el)
. ctx I, x: A ctx x4
I'kFa: A I'ta=b:A I'ta=b:A I'Eb=c:A
F'Fa=a A T'b=a: A Tha=c:A
F'ta: A I'FA=B:Y;
I'ta:B
F'ta=b:4 'A=B:U;
I'ta=b:B
T ctx ' A:W;

' W W4 'E A: U4



Type theory, dependent products

' A:W; I'x:AF B:U;
Tk Hx;ABIrULi

I''x:A+b:B
' (Ax:A.b): Ty 4B

'k f:Ty.4B I'ka: A
f(a): Bla/x]

T'x:AFb:B 'kta: A

' (Ax: A.b)(a) = bla/x]: Bla/x]



Type theory, dependent sums

' A:W; I'x:AF B:U;
I'kF EX;ABIui

'+ A:Y; 'kta A I' - b: Bla/x]
't (a,b):Xx:4aB

Iz:¥x.4B I—CZUJ'
ILx:A,y:BFc:Cl(x,y)/z] 'k p:X:.4B
I'+inds_. ,p(z.C,xy.c, p):Clp/z]

[z2:ZxaBEC:Y, Ika:A
Ix:A,y:BFc:Cl(x,y)/z] I' - b: Bla/x]

I'+inds,  g(z.C.xy.c,(a,b)) = cla,b/x,y]: C[(a. b)/z]



Type theory, coproducts

'F AW, ' B: W,

I'HA+ B:U;
FI—A:“UL,- I‘I—A:‘u,-
' B:U; I'ka: A 'k B:W; I'kb:B
inla): A+ B inr(b): A+ B

ILx:AF ¢:Clinl(x)/z]
Iz:A+ BFC:U; I,y:Btd:Clinr(y)/z] 'kFe:A+ B
I'indg4+p(z.C,x.c,y.d,e):Cle/z]

Ix:AF c:Clinl(x)/z]
INzzA+ BEC:U; I'y:BtFd:Clinr(y)/z] 'a: A
I'+indg4+p(z.C,x.c,y.d,inl(a)) = cla/x]: Clinl(a)/z]

(similar computation rule for inr)



Type theory, identity types

' A:U; I'kta: A kb A

I'ta=4b:U;
'k A: W, I'ka: A opt.- 'kpia=4b
F'kreflia =4 a O ) E— N
I'ka: A
LoxiAyiApix =4y EC:W, b4

INziAbFc:Clz,z,refl; /x,y, p] F'tqg:a=4b
I' =ind=, (xyp.C,z.c,a,b,q):Cla.b,q/x. y, p]

Ox:A,y: A, pix =4y C: U,
ILz:AbFc:Clz,z,refl; /x, y, p] 'kFa: A
I' mind—, (xyp.C,z.c,a,a,refl,) = cla/z]: Cla,a,refl, /x, y, p]




Type theory, the finite types

I ctx
I+ Nki “UL,-

I' ctx .
i S k
F"*j:Nk (]< )

F,x:Nkl—C:"Uli {FI—C_,’ZC[*j/x]}j<k Fl—a:Nk

I' - indy, (x. C, co, .. ., Ck—1,a): Cla/x]

[ox:Ng FC: Wy {TFc¢j:Clx/x]}
I' indy, (x. C,co, ..., Ck—1,%;) = ¢j: Clx; /x]

j<k




Type theory, natural numbers

I" ctx
'+ N:u,-
I ctx I'-n:N
0:N I' - suc(n): N
I'kec:Cl0/z]

IzzNFC: U, ILx:N,y:Clx/z] F d: C[suc(x)/z] 'Fn:N

I'-indy(z.C,c,xy.d,n):Cln/z]

C'kec:C[0/z]
IzzNFC: Y, [Lx:N,y:Clx/z] - d: C[suc(x)/z]
I'tindy(z.C,c,xy.d,0) = c: C[0/z]

F'kec:Cl0/z]
rzzNEFC: U, Ix:N, y:Clx/z] = d: Clsuc(x)/z] 'Fn:N

I'+indy(z.C,c,xy.d,suc(n)) = d[n,indy(z.C,c,xy.d,n)/x, y]
:C[suc(n)/z]



How has type theory been interpreted?

@ Feferman ’82: embed ML, in IB,, following Aczel '76 (unpublished).

@ Beeson '82 in more detail for ML in ID;. (Mentions that using Explicit
Mathematics would be more convenient.)

@ Setzer '93 (and '96) for ML; W in extensions of KP.
@ Stronger systems modelled in realizability toposes.



Type theory, tree ordinals

I" ctx
FET:W;
I ctx a7 't f:N—->7T
0:F I'Fsuc(a): T I'Flim(f): T
I'kEec:C[0/z]
TaT ILx:T,y:Clx/z] F d: Clsuc(x)/z]

rzzT=EC:U; ILx:N— T,y: ,.nC[x(n)/z] F e: C[lim(x)/z]

I'indy(z.C,c,xy.d,xy.e,a):Cla/z]



Type theory, tree ordinals, computation rules

F'kec:C[0/z]
Ix:T,y:Clx/z] - d: Clsuc(x)/z]
Lzz¥=C: Y, MLx:N - T,y:,,.,nNC[x(n)/z] F e: C[lim(x)/z]

I'tindy(z.C,c,xy.d,xy.e,0) = c:C[0/z]

I'kFec:C[0/z]
ra:v [x:T,y:Clx/z] Fd: Clsuc(x)/z]
Lzz¥-C: Y, [x:N - T, y:11,,5yC[x(n)/z] F e: C[lim(x)/z]

I'indg(z.C,c,xy.d, xy.e,suc(a))
=dJa,indy(z.C,c,xy.d,xy.e,a)/x, y]: C[suc(a)/z]

TFe:C[0/z2]
' f:N—->7T Ix:T,y:Clx/z] F d: Clsuc(x)/z]
zz:TFC:Y; ILx:N - T,y:I,.nyC[x(n)/z] F e: C[lim(x)/z]

I'Find3(z.C,c,xy.d,xy.e, lim(f))
=e[f.An:N.indy(z.C,c,xy.d,xy.e, f(n))/x, y]: C[lim(f)/z]
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© A System of Explicit Mathematics



A System of Explicit Mathematics

UCNT

Here we introduce a system, UCNT, in the style of Explicit Mathematics
with a type of tree ordinals, 37, and a hierarchy of universes.

UCNT is, as usually, formulated in classical two-sorted (operations and
classes) first-order logic, where for the operation we have partial terms.
The operational sort includes

@ variables a, b, c, f, g, h,u,v,w,x,y,2,...

@ constants k, s (combinators), p, po, p1 (pairing and projections), 0
(zero), sy (numerical successor), pn (numerical predecessor), dy
(definition by numerical cases), ry (primitive recursion), ... (we will
introduce more later)




UCNT, continued

UCNT, continued

The individual terms (r, s, ¢, . . .) are inductively generated from variables
and constants by application terms -(s, ¢), also written st (left-associative).
We write s(t1,...,t,) for sty ...t,, and (s, t) for p(s, ).

(s~t):=(@6{Vve])—>(=1) )




Partial combinatory algebra.

Q kab=a.

@ sabl Asabc~ac(bc).
Pairing and projection.

Q pofa.b) =aApifa,b) =b.
Natural numbers.

Q@ 0eNA(@eN—d eN).
@ aeN—>d #0Apnd) =a.
@ aeNnra#0—pnaeNA(pna) =a.

Definition by cases on N.

Q@ aceNAbeNAa=b—>dyuvab =u.
@ acNAbeNAa#b—dyuvab =v.

Primitive recursion on N.

Q@ /fcN?>5>N)raeN—>1Nyfae(N—>N).
@ /fcN>>N)raeNAbeNAh=INfa—
hO=anh®) = fb(hb).

Axioms



Classes

We have additional operational constants: nat (natural numbers), id
(identity), co (complement), un (union), dom (domain), inv (inverse image).
There are two new relation symbols € (element) and R (naming).



Axioms for classes

@ Explicit representation and extensionality.
Q 3Ix. NR(x, V).
@ R, U) ARG, v) > U =V.
Q Vx.xeU<wxeV)>U=V.
@ Class existence.
@ MN(nat) AVx.x €nat < x €N.
@ R AVx.x €id e Ty.x = (y,y).
O NR(s) = R(co(s)) AVx.x Eco(s) < x &s.
Q N(s)ANR(E) — R(un(s, 1)) AVx.x €un(s,f) <> x EsVx EL.
@ N(s) > R(dom(s)) A Vx.x € dom(s) <> Jy. (x,y) € s.
Q R(s) = R@nv(s, /) AVx.x €inv(s, f) < fx Es.

@ Class induction.

VX 0eXA(VxeNxeX -x e€X)—>VxeNxelX.



Join and Universes

@ Join adds a constant j such that

Ra) A (Vx €a.R(f x)) = NR((a, f)A
Vz.z €j(a, f) < Ixy.z=(x,y)AxE€anyé€ fx.

@ Universes add a relation symbol U such that
@ acUADbEa— Na).
@ a<cU—natéa.
© Universes are closed under elementary comprehension and join.
Q Na)—>ueclU.aéu
@ Universes are linearly ordered and cumulative.



Some earlier results

Some earlier results

@ ECJ + n universes + (T-Iy) = ID,41 (Feferman '82).
@ |UCN| = I’y (Marzetta '93)




Tree ordinals

Tree ordinals

To obtain UCNT we add a name tree for a class T, and constants st (tree
successor), {1 (tree limit), rr (tree recursion). We have induction on ¥ for
classes.

All universes are now required to contain tree.




The new results

Theorem

The systems ML_, 7, UCNT", UCNT all have proof-theoretic strength
V(Ca+1).
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0 Lower bound



Lower bound

Lower bound

The lower bound is established with a well-ordering proof as in my thesis,
but adapted to the type-theoretic setting using techniques of Setzer.
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Interpretation

The Interpretation
The interpretation of ML, T into UCNT would be via extensional Kleene
realizability.

Each closed type A: W; should be interpreted as a class of pairs, (a, b),
such that a = b: A.
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e Upper bound



Upper bound

Upper bound
The upper bound is established by interpreting UCNT in a system IAD’<w. J




Thank you

Questions or Comments?
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