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Introduction

Introduction

We summarize the work by Wojciech Moczydtowski, primarily from his
2007 PhD dissertation, Investigation on Sets and Types, supervised by
Robert Constable and Richard Shore at Cornell.

The thesis was awarded the 2007 Sacks Prize by the ASL.

Any mistakes in the following are almost surely mine.
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IPC

We warm up by studying intuitionistic propositional logic. Formulas:

e:=pllloNoleVeole—o¢

Rules:
e L oty NMN-o¢-—-v Tko
Netoe M=o M@ — U [NERY)
T THY re oAy M @AY
' Ay | ) 'y
rEeo I r-eVvVy T,eF0 T, pF6
N-evy TV r-e
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ML EINIT A The calculus

The A7 calculus

Simply-typed lambda calculus, A™. The types are IPC formulas. The (raw)
terms are given by

M:z=x| M N | Ax:@, M |inl(M) | inr(M)
inlx:p = N1>

inrynp = N»
| (M, N) | fst(M) | snd(M) | magic(M)

| case M of <

These correspond exactly to the inference rules for IPC, and give notations
for IPC proofs.
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Typing
Typing for A~

Typing rules for terms of A~ match the rules of IPC:

' ML
Ix:oFxo ' magic(M):
I x:p - Map x & dom(T")

I (Ax:p, M):p — b
''-M:p -9 TFNp
' (M N)p
'EM:p T FN
I'E(M,N):o A
I'-M:p AU I'-M:p AU
I fst(M): 'k snd(M)p
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Typing
Typing for A7, I

Typing rules for disjunction:
' Mo =M

I'=inl(M):p V1 I'Einr(M):p V1

''eM:wpVy T,xioFNyi:0 T,y N6

inlx:p = N1>

e M of
casevto (mry:ll) = N

Note: If T' = M:@, then FV(M) C dom(T").
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Propositional logic Reductions

Reduction for A~

For our later application to set theory, it essential to use a deterministic
reduction. Reduce terms to values:

V= Ax:@, M | inl(M) | inr(M) | (M, N)

Non-values have a principal argument:
In M N, M is the principal argument.

inlx:p = N . o
il:ry;i?) = N;) M is the principal argument.

In fst(M), snd(M) and magic(M), M is the principal argument.

In case M of <
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Filusitei
Reduction for A7, Il

A non-value whose principal argument is value may be reduced:

fst(M,N) — M
snd(M,N) — N
(Ax:, M)N — MI[N/x]
) inlx:p = N
case inl M of (inry:(lfl)) N N12
inlx:p = Njp
inrynp = Ny

> — Nl[M/X]
case inrMof( ) — Na2[M/x]

If the principal argument is a non-value, then that may be reduced (lazy
evaluation).
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(Pl
Properties for A~

Lemma (Correspondence)

IfT F O:, then rg(T) - @. If IPC+T & @, then there is a term M of A
so that T' - M:e.

y

Lemma (Inversion)

We can determine the final typing judgment in a proof by inspecting the
proof term.

Lemma (Subject-reduction)
IfT = M:p and M — N, then T'F N:.

Lemma (Progress)

Non-values can always be reduced in an empty context.

v

Ulrik Buchholtz (Stanford) Normalization of IZF April 13, 2010 10 / 37



Feziheliltizy
Realizability for A~

The terms of the untyped calculus A= are obtained from A~ by erasing
the types:

M:i=x|MN|Ax,M |inl(M) | inr(M)
inlx = N1
inry = N2>
| (M, N) [ fst(M) | snd(M) | magic(M)

| case M of <

We can erase the types of A -terms to get A~ -terms.
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Propositional logic Realizability

Realizability for A7, I

We use untyped closed lambda-terms as realizers. This works because the

reductions are type-oblivious. We define a realizability relation between
realizers and formulas:

MIFp iff M |
MIF L iff L
M I @ A iff M| (Mg, Ma) A (My IF @) A (Mj I 1)
M IF @V iff (M L inl(M1) AM;y IF @)
V (M L inr(Ma) A My IF 1)
MIF @ — W iff (M L Ax, M1) AWN, (N IF @) — (M1 [N/x] - )
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Propositional logic Normalization

Normalization for A~

A realizability environment p is partial function from proof variables to
realizers. Write p E T if p(x) I for (xap) € T.

Theorem

IfT = M:, then for all p ET, we have M[p] IF . J

Corollaries:
Normalization: If = M:@, then M normalizes.
IPC is consistent: There is no M with - M: L.
The disjunction property for IPC: If - @ \V 1, then - @ or - 1.
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Set theory

Moczydtowski studies Intuitionistic ZF with Replacement. Terms and
formulas are defined by a mutual grammar:
te=alf|{t 8wl JtIP®)
1S e (6D R (o D)
(p:::J_ltEtIt:t|t€|t

leVoloNe|lo— o
|Va, @ | da, ¢

Seapt={vetiolct)
R(p(a’bf( tt)={c|(Vxet Iy oxy ) ABxet oxct)]
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Vi i
Axioms of 1ZFg

(IN) aeb+ dc,cebAc=a

(EQ) a=b+Vd(degia—deb)AN(deb—dea)
(EMPTY) ce e L

(PAIR) ce{a,bl<c=aVe=b

(INF) cew+cec=0VIbew,c=S(b)

(SEP(p(ayf—-)) c € S(p(af)(a,F) sceaNolef)

(UNION) ce| JawwTbeaced
(POWER) cePla)«Vbecbea

continues . ..
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Vi i
Axioms of IZFg, Il

continued:

=

(REPL, (0v.7)) € EIR,(qpflaf) e
(vx € a, 3y, o(x,y,f)) A(Bx € a, @(x, ¢, )
(IND,o7)  (Va, (Vb e a o, f)) = elaf)

— Va, ¢(a, f)
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i il
The AZ calculus

We use two sets of variables, proof and set-variables.
Terms:

Mi=x|Mt|MN|Aa, M |Ax:p, M

inl x:¢ = Nj
inryp = N2>
| (M, N) | fst(M) | snd(M) | magic(M)
| [t, M] | let [a, x:@] :== MinN

[inl(M) | inr(M) | caseMof(

continues . ..
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i il
The AZ calculus, Il

M = ...l inProp(t,u, M) | inRep(t,u, M)
| eqProp(t, u, M) | eqRep(t, u, M)
| pairProp(t, uy, up, M) | pairRep(t, us, up, M)
| unionProp(t, u, M) | unionRep(t, u, M)

| powerProp(t, u, M) | powerRep(t u, M)
| infProp(t, M) | infRep(t, M)
Prop(t,u, i, M) | replq)( R p(t,u, i, M)
| ind(P(avfﬂ)(M,t)

)
)
)
)
| sep,, Prop(t u, i, M) | sep,, Rep(t u, u, M)
)
)
)

|rep| (ab.f)
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i il
The AZ calculus, [

We'll abbreviate the -Prop and -Rep-axioms as
axProp(t, 1, M) | axRep(t, i, M),

where the length of i depends on the axiom.
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Typing
Typing for the AZ calculus

Same rules as for IPC plus first-order rules:

' Mo EV.(T I'-MVa, @
FE (A, M)va, @ ¢ FFYVsD MF M tolt/d
' M:plt/d]
I [t, M]:da, @
'EM:da, @ T,x:@F Nap a & FV.(T, )
S 1

'k (let [a, x:@] ;== MinN)

continues . ..
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Typing
Typing for the AZ calculus, Il

Plus rules for the axioms, first equality (EQ):

r'EMvd,(degit—>deu)AN(deu—det)
' eqRep(t,u, M)t =u

'EMit=u
't eqProp(t,u,M)Vd,(dgt—>decu)AN(deu—det)

continues . ..
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Typing
Typing for the AZ calculus, Il

Then, membership (IN):

'EM:Ac,ceguNt=c
't inRep(t,u, M)t € u

'EMiteu
I'inProp(t,u,M):3c,c e, uNt=¢c

continues . ..
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Typing
Typing for the AZ calculus, IV

The other axioms all follow the same pattern:

' M:palt, i)
't axRep(t, U, M):t € ta (1)

M- Mt € ta(dd)
' axProp(t, T, M):@ A (t, U)

continues . ..
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Typing
Typing for the AZ calculus, V

Except €j-induction (IND):

' MV, (Vb,b € ¢ — ¢(b, 1)) — ¢lc, t)

IS ind(p(aﬂ(l\/l, t):Va, ¢(a,t)
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Filusitei
Reduction for the AZ calculus

Same reductions as for IPC plus:

(Aa, M) t — M[t/a]
let [a, x:] := [t, M]inN — N[t/a][M/x]
axProp(t, U, axRep(t, U, M)) — M
ind (o 7 (M, ) — Ac, M ¢ (Ab, Ax:(b € ¢),

ind (o 5 (M, t)b)

Values:

Vi=Aa, M | Ax:@, M | inr(M) | inr(M)
| [t, M] | (M, N) | axRep(t, ii, M)
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Feziheliltizy
Realizability for the AZ calculus

Realizability for IZF was first defined by David McCarty in his 1984
PhD-thesis. Moczydtowski builds on this work to prove normalization.
To get realizers, we erase types and sets from AZ-terms to get AZ-terms
(all sets disappear or become ():

Mui=x|MO|MN]|Aa, M| Ax, M
. . inlx = N]_
[inl(M) | inr(M) | case M of <inry . N2>

| (M, N) | fst(M) | snd(M) | magic(M)

| [0, M] ] let[a,x] := MinN

| axProp(M) | axRep(M) | ind(M)
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Lambda names

The idea is to have a version of the cumulative hierarchy that for each set
includes realizers as evidence for the placement in the hiearchy.

Definition
A A-name is a set of pairs (v, B) where v € AZ,c and B is a A-name.
The class of A-names is denoted V2.
We have B
V=] V& Vi= | PAZxV}),
«eO0rd B<o

and for a A-name A we let Ark(A) denote the smallest ordinal o« with
A€ VA
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L .Ul Realizability
Prerealizability

Define MIFA €, B, MIFA € Band M IF A =B for M € AZ, and
A, Be VM

MIFAgB=M]vA(v,A)eB
MIFA €B=M |inRep(N)AN | [0, O]
A3C e V* 0| (01,0,)
AO1FCegBAOFA=C
MIFA =B =M | eqRep(Mg) A Mg | Aa, My
VD € VA, M;[0/a] | (O, P)
AO LA, 01 A (YN IFD g A, O1[N/x] IF D € B)
AP LA PIA(YNIFD g A, PiIN/x] IFD e A)
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Feziheliiiay
Enriched language

Definition
For Ce VM let Ct ={(M,A) | MI-A e C}.

Definition
Let L(V?) be the first-order language obtained by enriching the signature
of IZFr with constants for all A-names.

Definition
A realizabilty environment p is a partial function from variables in L(V*) to
the class of A-names, V2.

v
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Realizability for IZFg

We define by mutual induction, for ¢ a formula of L(V?), a term t of
L(V?), and for an environment p defined on the free variables in @ or t, a
realizability relation M IF, @ (for M € AZ.), and a denotation [t], € V*.

[alo = p(a)
[Alp =A
[w]p = w’ (a suitable A-name for w)

[ta(@)]p = {(axRep(N), B) € AZyc x V2 [N Iy @A (B, [u]p)}

(for a suitable ordinal v depending on the A-ranks of the parameters
to the axiom)
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Feziheliltizy
Realizability for IZFg, I

Mk, L iff L
Mk, ters iff MIF[t], € [s]o
MiF,tes iff MIF[t], € [s]o
MliF,t=s iff MIF[t], = [s],
MIF, @ A iff ML (M1, M2) A (Mg Ik, @) A (Ma Ik 1)
MIF, @ Vb iff (M ] inl(M1) A My IF, @)

V (M L inr(Ma) AMa Ik, )
MIF, @ = P iff (M} Ax, M) AYN Ik, @, MiIN/X] Ik, ¥
Mk, 3a, @ iff ML), NJAJA € VA NIF, ¢lA/d]
Mk, Va, @ iff M | Aa, NAVA e VA N[0/a] IF, @lA/d]
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Properties of this interpretation

Lemma

If A € VX, then there is a p < «, so that if M IF B € A, then B € Vé‘.
IfMI-B =A, then B € V).
If M IFB €, A, then ArkB < ArkA.

Lemma

For any intensional axiom we have

(M, C) € [ta(@], iff M =axRep(N) and NI, @A (C, [u],)
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Set theory Normalization

Normalization of AZ

We write p ET = M: if p assigns lambda-names to free first-order
variables and realizers to context proof variables, so that for (xap) € ', we
have p(x) I, .

Theorem

IfT = Mg, then for all p = T+ M:g, we have M[p] I, ¢.

Corollary
If = M:@, then M normalizes.
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Atz
Applications

Corollary
If IZFgr = @ V), then IZFr 't @ or IZFg F ).

Corollary
If IZFr = 3x, @(x), then there is a term t so that IZFr F @(t).

Corollary
If IZFr - 3x € w, @(x), then there is number n so that IZFg - @(n).
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SRl Strong normalization

Failure of strong normalization

An obstacle to strong normalization of intuitionistic set theories is Crabbé's
Counterexample:

Lett={xe®|xex— L} Thereisaterm M:(t € ) — L) that does
not normalize if we allow reductions under the binder.
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Set theory Extensions

Extensions

Moczydtowski's approach extends to give normalizing calculi for IZFg with
countably many inaccessibles. He also gives a dependent set theory that
proves collection (which is stronger than replacement, intuitionistically).
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