Introduction to Homotopy Type Theory WiSe19/20
Part I, Lecture 15 Ulrik Buchholtz

For the final lecture, we give an overview of places to go from here. This includes references to
work that was already been done as well as a list of open problems. Note that we limit ourselves here
to work inside HoTT (and variants). Questions about semantics are the topics of next semester’s
course.

MATHEMATICS IN HOMOTOPY TYPE THEORY

Symmetry: A book project about group theory from the univalent point of view, [1].
Modalities and reflective subuniverses, [16].

Higher Groups (k-symmetric n-groups), [3].

IXA|l2 is a 1-type for all sets A, [13].

Localization and L-separated types, [8].

The James construction and m4(S?), [2].

The Cayley-Dickson construction and the H-space structure on S3; [5].
The join construction, [15].

Cellular cohomology, [4].

Real projective spaces RP", [7].

Homlogy theory, [12].

Blakers-Massey connectivity theorem, [10].

Seifert-van Kampen theorem, [11].

Nilpotent types and fracture squares, [17].

Eilenberg-MacLane Spaces K (G, n), [14].

Spectral sequences, [9].

Long exact sequence of homotopy n-groups, [6].

e Brouwer’s fixed-point theorem in real-cohesion, [18].

e Cartan Geometry using a modality, [19].

SOME OPEN PROBLEMS

e Do more “ordinary” (< 2-truncated) mathematics: Is univalence a practical advantage for
formalizing scheme or manifold theory?

Prove Freyd’s Adjoint Functor Theorem constructively.

Calculate more homotopy groups of spheres.

Is YA a 1-type for all sets A?

Prove that all spheres S™ are oo-truncated.

Define the type BSU(2) (a delooping of S?); then define BSU(n), BSO(n), etc.

Define the type of U-small semi-simplicial types.

For which 0- or 1-categories D can we define the type of diagrams Fun(D,U)?

Define the type of (00, 1)-categories and develop (oo, 1)-category theory.

Define the localization type of a 1-category C": the universal type with a functor from C.

Give a general theory of co-quotients that can be used to solve the above problem.

Formalize the meta-theory of type theory in itself and show that lex modalities give inner models,

and that we have other model constructions from internal sites (and maybe internal realizability
models?).



EXERCISES

These are some open-ended discussion questions:

e What’s a good foundational framework for mathematics? Which criteria are essential, and which

are “nice to have™?

e How does set theory fare according to your criteria?
e How does (homotopy) type theory fare?
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